The signal registered by a plane photodetector placed behind an optically inhomogeneous object irradiated by two coherent Gaussian beams intersecting inside the object at small angle to each other is calculated in the single-scattering approximation. In the considered arrangement, only one of the beams hits the detector and serves as local oscillator for heterodyning the field scattered by the other beam (not hitting the detector). The results of analytical calculation show that the signal detected in this way is contributed only by the region of the inhomogeneous object where the two beams overlap. By moving the scatterer with respect to the overlap region and monitoring the heterodyned signal, with the aid of the derived expression, one can reconstruct the refractive-index relief of the scatterer. We also propose a simple method of spatial mapping of the sample that allows one to estimate the magnitude and characteristic dimensions of the inhomogeneities.
I. INTRODUCTION
Heterodyning is known to be an efficient method of detecting weak signals. In a simplest case, the heterodyning implies summation of a weak signal E 1 to be detected with a strong signal of fixed amplitude E 0 created by the local oscillator with subsequent measurement of the of the obtained sum (S) squared: S = E 2 0 + 2E 0 E 1 + E 2 1 . Under these conditions, the contribution linear in E 1 (carrying all the information about the weak signal E 1 ) proves to be proportional to the controllable amplitude E 0 that may be increased, thus increasing sensitivity of detecting the signal E 1 . The heterodyning method is widely used nowadays in radio-electronics, microwave technique, and optics [1] [2] [3] [4] [5] . In optics, for the heterodyne detection of a weak field E 1 using conventional photodetectors (photodiodes or photomulotipliers), it suffices to apply a strong field E 0 to the same detector.
Then, the output signal of the detector S proportional to total intensity I of the detected field will contain the above contribution bilinear in the field amplitudes S ∼ I ∼ (E 1 + E 0 ) 2 = E 2 0 + 2E 0 E 1 + .... One important problem that is often solved with the aid of heterodyning is related to tomography, which implies detection of optical fields arising upon scattering of laser beams in an inhomogeneous medium with subsequent restoration of spatial relief of the inhomogeneity [6] [7] [8] [9] [10] . Specific feature of optical heterodyning is that dimensions of photosensitive surface of the photodetector, as a rule, considerably exceed the light wavelength, and, therefore, when calculating the output signal of the detector, one has to take into account the effects of spatial interference of the fields of signal and local oscillator.
In this work, we present analysis of heterodyne detection of optical scattering in the two-beam arrangement [11] [12] [13] of collinear heterodyning [14] . In this arrangement, the two beams (the main and the tilted), intersecting at a small angle Θ < 1 rad at some point inside the sample, are obtained from the same laser. The photodetector, in its chosen position, directly detects only the main beam transmitted through the sample. Under these conditions, this beam plays the role of the local oscillator needed to detect the scattered light that also hits the photodetector (Fig. 1) . In papers [11] [12] [13] , the twobeam arrangement was used for 3D recording and reading of information. In those studies, for spatial selection of the recorded holograms, frequencies of the beams were different.
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In the present paper, we analyze possibility of using such an arrangement for tomography and mapping of scattering media. We show that it is possible to use, for these purpose, the beams of the same frequency obtained from the same laser source (what is often called homodyning). The analysis is based on Eq. ( (18)) (see below) that associates the heterodyned scattering signal with spatial overlap of the two beams. In spite of the fact that the collinear heterodyning is well known and has been actively studied earlier, we did not manage to find in the literature the simple equation ((18) ) that allows one to formulate and solve the problem of tomography of optically inhomogeneous transparent media.
It is interesting to note similarity between such experiments on light scattering and those of the spin-moise spectroscopy a new direction of research developed during the last decade [15] [16] [17] [18] [19] . The signal formation in the spin noise spectroscopy can be considered as heterodyning of the field scattered on fluctuations of gyrotropy [20] .
The two-beam arrangement of the spin-noise experiments and its informative capabilities are described in [21] .
The paper is organized as follows. In the theoretical part, we calculate, in the single-scattering approximation, the heterodyned scattering signal (HSS) detected in the above two-beam arrangement for the sample with weak inhomogeneity of its refractive index. We show [Eq. (18) ] that, in the case of a linear weakly inhomogeneous medium, the HSS is formed only by the region of spatial overlap of the beams. For this reason, by moving the sample and detecting the HSS, it is possible to restore profile of susceptibility (refractive index) in the sample.
The calculations are illustrated in the experimental part of the paper. A simple setup for detection of the HSS described in this section makes it possible to perform mapping of inhomogeneous transparent objects. We show that from the 2D images thus obtained one can evaluate characteristic dimensions and magnitude of optical inhomogeneities of the sample under study. In what follows, we will use the complex electromagnetic fields dependent on time as e −ıωt , assigning physical sense only to their real parts, which will be denoted by the corresponding calligraphic characters. In addition,
we will assume, in the calculations, that the scattering sample is positioned near the coordinate origin and has a characteristic size l s much smaller than the distance to the photodetector L.
In the chosen coordinate system, the xy plane is aligned parallel to the photosensitive surface of the photodetector PD, and the axis z is collinear with the main beam propagation direction. Let us define the output signal U of the photodetector PD as a square of the total electric field E(r) = E 1 (r) + E 0 (r) on the surface of the photodetector averaged over the period 2π/ω of the optical oscillation and integrated over the photosensitive surface of the detector S:
The HSS we are interested in is the contribution δU into the output signal of the photodetector linear in the scattered field strength. One can see that this contribution is given by the expression
Here, in conformity with the notations accepted above,
. Thus, to calculate the HSS, we have to find the field E 1 (r), using the fields of the main E 0 (r) and the tilted E t 0 (r) beams, to take its real part E 1 (r), and to calculate integrals (2) . Now, we present expressions for electric fields of the main and tilted beams that we will further use in our calculations. Assuming that the main beam is Gaussian and propagates along the z-axis, we can use the expression for the electric field of such a beam from [21] :
where r = (x, y, z). Polarization of the beam is specified by the unit Jones vector d, and, for the beam (3), this vector has only x and y components [22] . For definiteness, we assume that the main beam is polarized linearly along the x: d = (1, 0, 0). The field of the tilted beam, E t 0 (r), can be obtained from that of the main beam by rotation around the x -axis by a small angle Θ with a shift δr ≡ (δx, δy, δz):
where
The phase of the tilted beam may be shifted with respect to that of the main beam (e.g., using the time delay line). This shift is denoted by φ t . Polarization of the tilted beam is specified by the unit vector d t that can be chosen with no regard for d (retaining transversality of the beam field). At small Θ, the tilted beam evidently also has only x-and y-components. In Eqs. (3) and (4), the quantities W and W t are the intensities of the main and tilted beams, c is the speed of light, and Q ≡ 2/ρ c , where ρ c is the beam radius on the e-level of the field in the beam waist. Besides, in Eqs. (3) and (4), we introduced time-independent amplitudes of the fields A 0 (r) and A t 0 (r).
III. CALCULATING THE HSS IN THE SINGLE-SCATTERING APPROXIMATION
Let us pass to mathematical formulation of the scattering problem that should be solved to employ Eq. (2).
The scattering sample is supposed to be characterized by a spatially inhomogeneous polarizability α(r), which will be considered scalar [23] and small |α(r)| 1. This function is nonzero in the spatial region whose characteristic dimensions l s are considered to be small as compared with the distance L from the sample to the detector, L l s (Fig.1 ). In this case, when the electromagnetic field varies with time as ∼ e −ıωt , Maxwells equations lead to the following expressions for the electric field and
where k = ω/c = 2π/λ (λ is the wavelength of the light with the frequency ω). In the single-scattering approximation, solution of this equation is usually represented in the form of power series over α(r), retaining only terms of zeroth and first order (which is possible when |α(r)| 1). As the zero-order terms, one should take the fields of the main and tilted beams. Then, for the part of the scattered field E 1 (r) arising due to scattering of the tilted beam [24] , one can easily obtain the following inhomogeneous Helmholz equation
, with its righthand side representing a sum of two terms. We will perform calculations only for the first term that, at small angles Θ, provides the main contribution to the HSS. The role of the second term, in this case, proves to be small, which can be ascertained by making calculations similar to those presented below. As will be shown below, the HSS is controlled only by the region of the sample where the main and tilted beams overlap. In our experiments, this is the region of overlap of the main and tilted beam waists. In our experiments, for the typical angles we have to solve the inhomogeneous Helmholtz equation
. (7) Solution of this equation can be obtained using Greens function Γ(r) of the Helmholtz operator: Γ(r) = −e ıkr /4πr and has the following form
For further calculations, it is convenient to introduce the function Φ(R) defined by the equation:
Here, the integration is performed over the surface of the photodetector, whose dimensions we assume to be large as compared with the size of the main beam spot on the detector. This allows us, in the calculations, to consider the integration limits infinite. The function Φ(R) has the sense of the field created by a flat polarized layer located on the surface of the detector S, with the spatial dependence of polarization of this layer being controlled by the field of the main beam E 0x (x, y, L) on he surface of the detector. This is why we can suppose that the field Φ(R) will be similar to that of the main beam and hence, will represent the beam converging at the coordinate origin [25] . Using Eq. (2), one can easily show that the observed HSS δU is expressed through the introduced function Φ(R) as follows
It follows from this equation that the HSS δU is determined by overlap of the field Φ(R) (which, as we suppose, is similar to the field of the main beam E 0x (R)) with the field of the tilted beam
Let us calculate the function Φ(R) (9) at large L. When the size of the main beam spot on the photodetector surface (this size can be calculated as LQ/k = Lλ/πρ c ) is much smaller than L, the real part of the field of the main beam on this surface E 0x (x, y, L) is given by the expression
which can be obtained from Eq. (3) at |x|, |y| L.
Using the fact that L is much larger than all dimensions of the problem, we can simplify Eq. (9) for Φ(R) and distinguish explicitly the factors e ±ıωt :
Below we will need only the function Φ − (R) since
, and only Φ − (R) will survive upon averaging over the light wave period in Eq. (10). Using Eqs. (9) and (12), we can obtain, for the function Φ − (R), the expression
where I − represents the following integral
Here, we introduced the following notations ξ ≡
c /λ -is the Rayleigh length, ρ c -is the beam radius on elevel of its waist). It can be shown that I − depends on ρ ≡ ρ 2 x + ρ 2 y , and, upon integration over the sample volume in Eq. (10), the following condition is satisfied ρ ∼ l s /L 1. The integrand in Eq. (14) is essentially nonzero in the region with dimensions of about
show that the square root in Eq. (14) can be expanded as follows:
After that, the integral (14) is reduced to the product of two independent Gaussian integrals in ξ and η, with each of them calculated using the formula
This formula is valid at arbitrary complex β and at Re α > 0. We see that, as was supposed above, the function Φ − (R) is expressed through the main beam amplitude
By substituting this to Eq. (10), we come to the following expression for the HSS:
where A 0x (r) is given by Eq. (3). In the above calculation of the HSS, the susceptibility α(r) was assumed scalar and the main beam polarized along the x-axis. In the general case of tensor susceptibility and arbitrarily polarized main beam, similar calculations give the following general expression for the HSS:
where the amplitudes A 0 (r) and A t 0 (r) can be calculated using Eqs. (3) and (4), with the scalar product given by the standard relation (A 0 ,αA
In the considered case of small angles Θ between the main and tilted beams, in the scalar product of Eq. (18), we can leave only x-and y-components of the vectors playing, in this case, the main role. and, hence, in the single-scattering approximation (linear in α(r)), the HSS should vanish. In the next section, we will show that, by moving the sample with respect to the fixed (main and tilted) beams and detecting the HSS, it is possible (at least, in principle) to restore relief of susceptibility of the sampleα(r).
IV. APPLICATION OF THE HSS TO TOMOGRAPHY OF TRANSPARENT NONGYROTROPIC OBJECTS.
Consider possibility of application of the above approach for optical tomography, i.e., for restoration of spatial relief of optical susceptibility of inhomogeneous samples (scatterers). The calculations will be performed for the typical (in our experiments) values of ρ c = 30µm
and Θ ∼ 0.1 − 0.2 rad. In addition, it will be convenient to deal with the normalized HSS δu ≡ δU/U 0 , where U 0 is the signal from the detector irradiated by the main beam. The signal U 0 is calculated using Eq. (1) where
(11). Taking into account that aperture of the detector substantially exceeds the size of the main beam spot and integrating over dxdy, within infinite limits, we obtain that U 0 = 2πW/c.
We will restrict our treatment to the case of a transparent nongyrotropic scatterer, with the tensorα(R) being symmetric and real Imα(R) = 0, α ik (R) = α ki (R).
Let us fix positions of the main and tilted beams and replace the scatterer by the vector −r. Then, the relief of the scatterer susceptibility will also be displaced α(R) →α(R + r) and, hence, the HSS will become a function of r: δu → δu(r). This function can be measured and used to restore the unknown functionα(r) in the following way. Let us introduce a real tensorT (R) defined by the equation
One can see that this tensor is essentially nonzero when R belongs to the region of overlap between the main and tilted beams. Using Eq. (18), we can easily obtain for the HSS δu(r) the expression
which represents a convolution-type integral equation 
We will denote the Fourier transforms of the functions entering this equation by letters with tilde. For instance, 
The 
We used here Eq. (5) 
By measuring the spatial dependence of the HSS δu(r) and calculating its Fourier image δũ(q), we can calculate, using Eqs. (22) In real experiments, we often have to distinguish between the HSS and different spurious signals. For that purpose, it is possible, e.g., to modulate intensity of the tilted beam (which does not hit the detector) and to detect synchronous modulation of the detected signal. Our experience shows that it is most conveniently, for this purpose, to slightly modulate phase of the tilted beam φ t = φ t0 sin Ωt, φ t0 < 1. This can be made either with the aid of a mechanically variable delay or using a Pockels cell in the channel of the tilted beam. In this case, the observed modulation of the HSS (denote it S(r))) varies with time as S(r) sin Ωt = ∂δu(r) ∂φ t φ t0 sin Ωt (25) and can be easily distinguished as a component of the output signal at the frequency Ω. When restoring the susceptibility relief with the aid of the S(r) signal, one has to use the tensorD ≡ ∂T /∂φ t and its Fourier trans-
V.
MAPPING OF THIN SAMPLES
When the sample is a plate normal to the z-axis, with its thickness h so small that the changes of the functions T xx (r) andα(r) along the z-direction within the plate thickness can be neglected
T xx (x, y, 0),α(r) →α(x, y), then the above treatment can be simplified. Let us introduce the susceptibility a xx (x, y) averaged over the beam along the x-direction
Then Eq. (21) for the HSS obtained upon displacement of the plate with respect to the region of beam overlap along the y-axie can be rewritten as follows
This is a one-dimensional convolution-type equation with respect to a xx (x, y), that, at a given x, can be solved by passing to the Fourier transform over y variable. The signal (28) can be easily observed by placing the studied quasi-plane scatterer onto a vibrator oscillating along the y-axis. By smoothly moving the vibrator with the scatterer along the x-axis, one can record the function δu(x, y) and thus restore the susceptibility reliefα(x, y)
as it was described above.
In certain cases, however, one can get some idea about the character and magnitude of the inhomogeneity using direct mapping of the function δu(x, y). Let us illustrate it by two model examples.
As the first example, let us consider a small scatterer with the susceptibility α 0 and area S 0 < (λ/Θ) 2 , with its center at x 0 , y 0 . In this case, the spatial dependence of the susceptibility can be presented in the form
(27) and (28), we can obtain, for the HSS detected from such a scatterer, the following expression: Thus, when, upon moving of the sample in the ydirection, dependence of the HSS δu(x, y) reveals behavior of the type (29), [27] , it indicates the presence of a localized inhomogeneity. The volume to susceptibility product, for this inhomogeneity, can be estimated using Eq. (29):
Here, V ≡ S 0 h is the scatterer volume. As the second example, let us consider a thin plate extended in the xy-plane uniformly translated with respect to the beam overlap region in the y-direction with the velocity v. Inhomogeneity of the plate is simulated by a set of identical point scatterers randomly arranged in the xy-plane with the mean surface density σ. In this case, the HSS will depend on time δu → δu(t), and for its calculation we have to set y = vt in Eq. (28). With no loss of generality, we can assume that x = 0. By analogy with the previous example, we can write, for the susceptibility of the plate, the expression:
Here 
One can see that δu(t), in this case, represents a random process. Standard calculation of the correlation function of this process δu(t)δu(0) yields the following result: Figure 2 shows oscillograms of the HSS δu(t) obtained from a thin glass plate using the above method. They, indeed, show oscillations at the frequency Ω 0 = kΘv and often, at least qualitatively, can be referred to one of the two types of scatterers considered above: localized ( Fig.   2a ) and extended (Fig. 2b) . In the next section, we present results of a simple experiment on mapping of a quasi-plane sample.
VI. EXPERIMENTAL ILLUSTRATION
Schematic of the setup for detection of the HSS and observation of properties of this signal is shown in Fig. 3 .
The main and tilted beams intersecting inside the sample 7 are split from the initial laser beam (W 0 ∼ 2 − 3 mW, λ = 650 nm) using beamsplitter 1, mirror 2, and lens 6 (f = 100 mm). In the treatment presented above, 
